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Two set theories emerged in 1965: fuzzy set theory and Boolean-valued set 
theory. These two theories were parallel but developed independently. 
The fuzzy set theory is a rapidly growing branch of applied mathematics 
[2, 3, 51, but a sound theoretical basis is lacking; consequently, people are seeking 
their theoretical basis in many ways. Until recently, ordinal and cardinal numbers 
had not been introduced in fuzzy set theory. Therefore, the founding problem is 
a pressing task for fuzzy set theory. 
Boolean-valued model has been evolved from Cohen’s forcing method. Using 
this method, set theorists have obtained a series of important results, and have 
published many of papers and monographs [I]. This theory is highly abstract, 
and therefore, people would tend to question its applicability-. 
For example, Scott [4] pointed out this problem: he said that one may construct 
a Boolean-valued model, the universe of the real-valued sets (or [0, 11). and 
even the universe of the lattice-valued sets, yet at that time no application was 
known. “.A11 of these logics have their corresponding ‘set’ theories. We need a 
new Cantor to tell us what they mean.” But, since 1967, there has been little 
progress in this respect, and Scott’s problem remains open. 
In order to solve the above-mentioned problems, we should investigate the 
interconnections between these two theories, and attempt a unified treatment of 
them. 
We generalize these two theories, and construct fuzzy set structure and normal 
fuzzy set structure. 
Let .I1 be a transitive model of the axiomatic set theory ZFC’ with urelements 
(sometime also called atoms, or individuals) of M, and let G E ill be a complete 
quasi-Boolean lattice which is a 6-tuple <:G, & (El, 0, 0, , 1, , where (31, :ZJ 
are two binary operations on G, @ is one unary operation on G, 0, and 1, are 
two particular elements in G, and which satisfies following laws: 
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(5) 
(6) 
(x y= > x, 0: = IG, 12 =o G’ (7) 
It is not necessary that G be a Boolean algebra, i.e., G does not satisfy the law 
of the excluded middle: 
x@x@ = IG, x@x” =oc. 
The universe of fuzzy set structure is a class which is defined by transfinite 
induction 
I/@) IL, = CT:‘) u {x I Fun(x) A ran@) C G A dam(x) C Ur’t, 
CT(‘) = !JA IT,‘, A if h is a limit ordinal, 
u(G) = u p, 
El’,, 
where Fun(x) denotes that x is a function, ran(x) denotes the range of .T, 
dam(x) denotes the domain of x’, and 
On = (.Y 1 x is an ordinal}. 
In other words, elements of lJAG’ consist of o and urelemenets of M, and 
lliG) - UAG’ are functions whose domain is included in UAG’ and whose range 
included in G. Obviously, they are just membership functions of fuzzy sets. By 
the notation of [3], they are 
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Similarly, for any ordinal number 01, the elements of U$i - ULG’ are functions 
with their domains included in lJJG’ and ranges included in G. If  01 > 1, then 
their elements are membership functions of the higher-rank fuzzy set. There- 
fore, UC) is obviously a generalization of fuzzy set theory. 
For any X, y  E UC), we define two relations x E y  and s k y  by means of 
transfinite induction on P(X) x p(y) as follows: 
(1) when p(x) = p(y) = 0 
x Ey =oCr 
x&y = lo, if x and y  are identical, 
= 0, ) else; 
(2) when P(X) > 0 or p(y) > 0 
xEy=oc, 
= v Y(4 0 27 
asdomtv) 
= A (Y(4)" 
zedomfr) 
I  s, 
if v(y) = 0, 
else; 
if x or y  is a urelement, 
if y = 5, 
if x= G, 
= A (x(z) s- z Ey) @j A (y(z) 3 z E x), else, 
zedomkr) zedomfv) 
where p(u) denotes the least ordinal number 01 such that u E Ui”. Here we 
introduce a new symbol 3 used to denote “implication,” which is to be added 
into the lattice. Our fuzzy set structure is denoted by <UC), E, =+) (or simply, 
UC)). We have investigated its logical properties and showed that in one sense 
axioms of ZFU hold in iYG) (the underlying logic is an intuitionistic one, or a 
suitable lulti-valued one). 
When G is a complete Boolean algebra B, the obtained U@) is called normal 
fuzzy set structure. It is proved that it not only satisfies axioms ZFU, but also 
satisfies all axioms and inference rules of first-order Logic. When the urelement 
set is 0, CP) gives Scott-Solovay’s Boolean-valued model. Therefore, UcE) is 
obviously a generalization of Boolean-valued model and Boolean-valued set 
theory. 
We have proved that U@), being ZFU's non-standard model, serves as the 
firm basis of fuzzy set theory, and it follows that Cantor’s set theory is a standard 
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model of ZFU while WE) is a non-standard one thereof. Therefore, there exists 
a complete analogy between Cantor’s set theory and the fuzzy set theory. The 
axiomatic set theory ZFLT may be considered as the “interface” between the 
above two theories. 
Through UC), ~:(tO*ll), and C:(a), we show the interconnection of fuzzy set 
theory and Boolean-valued theory, and establish their bridge. The generalization 
has been effected in such a way that, using ZFL’ as a sort of theoretical tool, we 
may investigate fuzzy set theory, and define concepts of ordinal and cardinal 
numbers therein. [6] Therefore, all concepts and theorems of Cantor’s set 
theory hold in U(s). These facts reveal the practical background of real-valued, 
lattice-valued, and Boolean-valued set structures. Our block diagram (see Fig. 1) 
gives the usual picture illustrating the interconnections between these structures 
discussed above. While meanings of --f and -+ have already been shown in the 
figure, it may be noted that tt denotes interconnection between the axiomatic 
system and its model, CL, the classical first-order logic and IL, the intuitionist 
first-order logic, or a suitable multi-valued one. 
FIG. 1. Block diagram showing the interconnection between fuzzy set theory, fuzzy 
set structure, and Boolean-valued set theory. 
This paper, together with [6-91, consists of a unified treatment of fuzzy set 
theory and Boolean-valued set theory. It seems that this approach is quite 
promising in this area. 
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